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THE CONVERSE OF FERMAT'S THEOREl\I. 

By J. H. Jeans, Trinity College, Cambridge. 

THE problem is to find n, not a prime, so that 

2"-1 
- 1 = 0 (mod. n). 

Let p be any prime factor of n, then 

• 
2•-l -1=2p•I [{2 (2p-I -1) + 2}P

1 
- 1] + 2p-l - 1 

= [2P-1 (2i:-1 -1)] (mod. p), 

n 

therefore we must satisfy the equation 21>-
1 
-1=0 (mod. p) 

for each prime factor, p, of n. ('l'his is always satisfied if 
n 
- - 1 = 0 (mod. p - 1) ). 
p . . . 

For the case of two prime factors, we assign top a series 
of prime values, factorise 2p-I - 1, and taking each prime factor 

in turn as a possible value of 'f!.. , we apply the test afforded 
by the above equation; n 

For values of' p from 3 to 31 1 I have found that the only 
solutions obtained for n are 341, 1387, 4369, 4681, 10261. 

'l'he general case of more than two prime factors, worked 
out in a similar way for values of p up to 7, gives the single 
solution n = 645, which has been noticed by Herr Kossett. 

Hence there are only two solutions less than 10001 viz. 
341 and 645. 

Writing f (p) for 22P + 1, n =f(p) is clearly a solution 
if p is any integer such that] (p) is not prime; and 

n = f (p) .f (q) 
is another solution if.f (p ),f (q) are both prime, and p > q > 2P. 
For 2-'1PJ-

1 
- 1=0 (mod. f (q)), and 2f<qJ-1 -1 = 0 (mod./ (p)). 

The problem has a certain historical interest, since the 
congruence 2"-1

- 1 = 0 (mod. n) appears to have been known 
to the Chinese. A paper found among those of the late Sir 
Thomas Wade, and dating from the time of Confucius, 
contains the theorem that 2•1-1 - 1 = 0 (mod. n) when n is 
prime, and also states that it does not hold if n is not prime. 

It was, presumably, found empirically, and it would in 
this way be impossible to come upon a case of failure of the 
second part, seeing that the value of 2•-1 

- ·1 corresponding to 
the smallest case of failure (n = 3'11) consists of 103 figures. 




